
Riemann Sum Worksheet With Answers

Riemann sum worksheet with answers is a valuable resource for students and
educators alike, providing a structured approach to understanding the concept
of Riemann sums, a fundamental idea in calculus. Riemann sums are used to
approximate the area under a curve, and mastering this concept is essential
for further studies in calculus and advanced mathematics. This article will
explore Riemann sums in detail, including their definition, types, methods of
calculation, and practical applications, as well as providing a worksheet
with answers to reinforce learning.

Understanding Riemann Sums

Riemann sums involve partitioning a given interval into smaller subintervals



and summing up the areas of rectangles formed over those intervals. The
concept is named after the German mathematician Bernhard Riemann, who
contributed significantly to the field of analysis.

Definition

A Riemann sum approximates the integral of a function \( f(x) \) over the
interval \([a, b]\). The sum is calculated using the formula:

\[
R = \sum_{i=1}^{n} f(x_i^) \Delta x
\]

where:
- \( n \) is the number of subintervals,
- \( \Delta x = \frac{b - a}{n} \) is the width of each subinterval,
- \( x_i^ \) is a sample point in the \( i^{th} \) subinterval.

Types of Riemann Sums

There are three primary types of Riemann sums, each differing in how the
sample points \( x_i^ \) are chosen:

1. Left Riemann Sum: The left endpoint of each subinterval is used as the
sample point.
- Formula:
\[
L_n = \sum_{i=0}^{n-1} f(a + i \Delta x) \Delta x
\]

2. Right Riemann Sum: The right endpoint of each subinterval is used as the
sample point.
- Formula:
\[
R_n = \sum_{i=1}^{n} f(a + i \Delta x) \Delta x
\]

3. Midpoint Riemann Sum: The midpoint of each subinterval is used as the
sample point.
- Formula:
\[
M_n = \sum_{i=1}^{n} f\left(a + \left(i - \frac{1}{2}\right) \Delta x\right)
\Delta x
\]



Calculating Riemann Sums

To effectively calculate Riemann sums, it is crucial to understand the steps
involved in the process. Below are the steps for computing a Riemann sum.

Step-by-Step Process

1. Determine the Function and Interval: Identify the function \( f(x) \) you
want to integrate and the interval \([a, b]\).

2. Choose the Number of Subintervals (n): Decide how many subintervals you
want to divide the interval into.

3. Calculate \(\Delta x\): Use the formula
\[
\Delta x = \frac{b - a}{n}
\]
to find the width of each subinterval.

4. Choose Sample Points: Depending on the type of Riemann sum—left, right, or
midpoint—decide the points \( x_i^ \).

5. Compute the Sum: Substitute the chosen points into the appropriate sum
formula and calculate the total.

Example Calculation

Let's consider the function \( f(x) = x^2 \) over the interval \([1, 3]\)
using \( n = 4 \) subintervals.

1. Function and Interval: \( f(x) = x^2 \), interval \([1, 3]\).
2. Number of Subintervals (n): 4
3. Calculate \(\Delta x\):
\[
\Delta x = \frac{3 - 1}{4} = \frac{2}{4} = 0.5
\]
4. Determine Sample Points:
- Left: \( x_0 = 1, x_1 = 1.5, x_2 = 2, x_3 = 2.5 \)
- Right: \( x_1 = 1.5, x_2 = 2, x_3 = 2.5, x_4 = 3 \)
- Midpoint: \( x_1 = 1.25, x_2 = 1.75, x_3 = 2.25, x_4 = 2.75 \)

5. Calculate the Riemann Sums:
- Left Riemann Sum:
\[
L_4 = f(1) \cdot 0.5 + f(1.5) \cdot 0.5 + f(2) \cdot 0.5 + f(2.5) \cdot 0.5
\\



= 1^2 \cdot 0.5 + (1.5)^2 \cdot 0.5 + 2^2 \cdot 0.5 + (2.5)^2 \cdot 0.5 \\
= 0.5 + 1.125 + 2 + 3.125 = 6.75
\]

- Right Riemann Sum:
\[
R_4 = f(1.5) \cdot 0.5 + f(2) \cdot 0.5 + f(2.5) \cdot 0.5 + f(3) \cdot 0.5
\\
= (1.5)^2 \cdot 0.5 + 2^2 \cdot 0.5 + (2.5)^2 \cdot 0.5 + 3^2 \cdot 0.5 \\
= 1.125 + 2 + 3.125 + 4.5 = 10.75
\]

- Midpoint Riemann Sum:
\[
M_4 = f(1.25) \cdot 0.5 + f(1.75) \cdot 0.5 + f(2.25) \cdot 0.5 + f(2.75)
\cdot 0.5 \\
= (1.25)^2 \cdot 0.5 + (1.75)^2 \cdot 0.5 + (2.25)^2 \cdot 0.5 + (2.75)^2
\cdot 0.5 \\
= 0.78125 + 1.53125 + 2.53125 + 3.78125 = 8.625
\]

Riemann Sum Worksheet with Answers

To help reinforce the understanding of Riemann sums, here’s a worksheet with
problems followed by their answers.

Worksheet Problems:

1. Calculate the Left Riemann Sum for \( f(x) = \sin(x) \) over the interval
\([0, \pi]\) using \( n = 4 \).
2. Calculate the Right Riemann Sum for \( f(x) = e^x \) over the interval
\([1, 2]\) using \( n = 3 \).
3. Calculate the Midpoint Riemann Sum for \( f(x) = 1/x \) over the interval
\([1, 4]\) using \( n = 3 \).

Answers:

1. Left Riemann Sum for \( f(x) = \sin(x) \) over \([0, \pi]\):
- \( \Delta x = \frac{\pi - 0}{4} = \frac{\pi}{4} \)
- Sample Points: \( 0, \frac{\pi}{4}, \frac{\pi}{2}, \frac{3\pi}{4} \)
- \( L_4 = \sin(0) \cdot \frac{\pi}{4} + \sin\left(\frac{\pi}{4}\right) \cdot
\frac{\pi}{4} + \sin\left(\frac{\pi}{2}\right) \cdot \frac{\pi}{4} +
\sin\left(\frac{3\pi}{4}\right) \cdot \frac{\pi}{4} \)
- \( = 0 + \frac{\sqrt{2}}{2} \cdot \frac{\pi}{4} + 1 \cdot \frac{\pi}{4} +
\frac{\sqrt{2}}{2} \cdot \frac{\pi}{4} \)
- \( = \frac{\pi}{4} \left( 1 + \sqrt{2} \right) \)

2. Right Riemann Sum for \( f(x) = e^x \) over \([1, 2]\):
- \( \Delta x = \frac{2 - 1}{3}



Frequently Asked Questions

What is a Riemann sum?
A Riemann sum is a method for approximating the integral of a function,
calculated by dividing the area under the curve into rectangles, summing
their areas, and taking the limit as the width of the rectangles approaches
zero.

How do you calculate a Riemann sum using left
endpoints?
To calculate a Riemann sum using left endpoints, divide the interval into 'n'
subintervals, find the function values at the left endpoint of each
subinterval, multiply each function value by the width of the subinterval,
and sum these products.

What are the different types of Riemann sums?
The different types of Riemann sums include left Riemann sums, right Riemann
sums, midpoint Riemann sums, and trapezoidal sums, each using different
points within the subintervals to calculate the area.

What is the purpose of a Riemann sum worksheet?
A Riemann sum worksheet is designed to provide practice problems for students
to learn how to calculate Riemann sums, reinforcing their understanding of
integral approximations and the concept of area under a curve.

Where can I find Riemann sum worksheets with
answers?
Riemann sum worksheets with answers can typically be found on educational
websites, math resource platforms, and through academic institutions that
provide study materials for calculus topics.

How can I check my answers on a Riemann sum
worksheet?
You can check your answers on a Riemann sum worksheet by comparing your
results with the provided answer key if available, or by using online
calculators that can compute Riemann sums for verification.

What should I do if I struggle with Riemann sums?
If you struggle with Riemann sums, consider seeking help from a teacher or
tutor, using online resources and video tutorials, and practicing more
problems to build your understanding and skills.
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