
Perturbation Theory Problems And Solutions

Perturbation theory problems and solutions are essential topics in various fields of physics, particularly in
quantum mechanics, where systems cannot always be solved exactly. Perturbation theory provides a
method to approximate the solutions of complex problems by starting from a known solution and adding
small changes or "perturbations." This article will explore the fundamentals of perturbation theory, common
problems encountered, and their corresponding solutions, providing a comprehensive overview for
students and practitioners alike.

Understanding Perturbation Theory

Perturbation theory is a mathematical approach used to find an approximate solution to a problem by
considering a small parameter that modifies the system's Hamiltonian. It is widely used in quantum
mechanics, electrodynamics, and other areas of theoretical physics. The fundamental idea is to express the
solution of a complex problem as a series expansion in terms of a small parameter.

Key Concepts

1. Hamiltonian: The Hamiltonian operator represents the total energy of the system. In perturbation theory,
it is typically expressed as:
\[



H = H_0 + \lambda V
\]
where \(H_0\) is the solvable part of the Hamiltonian, \(V\) is the perturbation, and \(\lambda\) is a small
parameter.

2. Order of Perturbation: Perturbation theory can be classified into two main types:
- Non-degenerate perturbation theory, applicable when the unperturbed Hamiltonian has distinct
eigenvalues.
- Degenerate perturbation theory, used when the unperturbed Hamiltonian has a degenerate eigenvalue.

3. Perturbative Expansion: The solution can be expressed as a power series:
\[
\psi = \psi_0 + \lambda \psi_1 + \lambda^2 \psi_2 + \ldots
\]
where \(\psi_0\) is the zeroth-order (unperturbed) solution, and \(\psi_n\) are higher-order corrections.

Common Problems in Perturbation Theory

While perturbation theory is a powerful tool, it often presents challenges in both formulation and
computation. Below are some common problems encountered in perturbation theory:

Problem 1: Finding the Energy Corrections

In many quantum systems, one of the primary goals of perturbation theory is to calculate energy
corrections due to a perturbation. The first-order energy correction is given by:
\[
E_n^{(1)} = \langle \psi_n^{(0)} | V | \psi_n^{(0)} \rangle
\]
where \(\psi_n^{(0)}\) is the unperturbed wave function.

Problem 2: Wave Function Corrections

Alongside energy corrections, perturbation theory also seeks to find corrections to the wave functions. The
first-order correction to the wave function can be expressed as:
\[
\psi_n^{(1)} = \sum_{m \neq n} \frac{\langle \psi_m^{(0)} | V | \psi_n^{(0)} \rangle}{E_n^{(0)} - E_m^{(0)}}
\psi_m^{(0)}
\]



This equation sums over all unperturbed states except for the state of interest.

Problem 3: Degeneracy Issues

In cases where the unperturbed Hamiltonian has degenerate eigenstates, finding the correct energy levels
and eigenstates can be complicated. The perturbation must be treated carefully to lift the degeneracy.

Solutions to Perturbation Theory Problems

The solutions to these perturbation theory problems can be approached systematically. Here, we will
address the above problems with illustrative examples and solutions.

Solution to Problem 1: Energy Corrections

Consider a simple case of a particle in a one-dimensional box, where the unperturbed Hamiltonian is:
\[
H_0 = -\frac{\hbar^2}{2m} \frac{d^2}{dx^2}
\]

Suppose we introduce a small perturbation \(V(x) = \epsilon x^2\). The first-order energy correction for the
ground state (n=1) is calculated as follows:

1. Calculate the unperturbed wave function \(\psi_1^{(0)}\).
2. Compute the matrix element \(\langle \psi_1^{(0)} | V | \psi_1^{(0)} \rangle\).
3. Use the formula for first-order energy correction:
\[
E_1^{(1)} = \langle \psi_1^{(0)} | \epsilon x^2 | \psi_1^{(0)} \rangle
\]

The result gives an approximate energy for the perturbed system.

Solution to Problem 2: Wave Function Corrections

Using the same example, we can find the first-order correction to the wave function:

1. Identify the unperturbed states and their energies.



2. Calculate the necessary matrix elements for the perturbation.

The first-order correction to the wave function can be computed, leading to a more accurate representation
of the system’s behavior under perturbation.

Solution to Problem 3: Degeneracy Issues

In the case of a degenerate system, one approach is to diagonalize the perturbation within the degenerate
subspace. For example, if there are two states \(|\psi_1^{(0)}\rangle\) and \(|\psi_2^{(0)}\rangle\) that are
degenerate, the perturbation matrix can be constructed as:
\[
V_{ij} = \langle \psi_i^{(0)} | V | \psi_j^{(0)} \rangle
\]

Diagonalizing this matrix provides the corrected energy levels, allowing for the lifting of degeneracy and
yielding the correct physical predictions.

Conclusion

Perturbation theory problems and solutions are integral to the understanding of quantum mechanics and
other fields of physics. By employing systematic approaches and calculations, one can derive useful
approximations for energy levels, wave functions, and other system properties. While perturbation theory
has its limitations, particularly regarding convergence and the size of perturbations, it remains a
foundational tool in theoretical physics.

As researchers and students continue to explore complex systems, mastering perturbation theory will
enable them to tackle a variety of problems, making it a vital part of their analytical toolkit.

Frequently Asked Questions

What is perturbation theory in quantum mechanics?
Perturbation theory is a mathematical approach used to find an approximate solution to a problem that
cannot be solved exactly, by starting from the known solution of a related, simpler problem and adding
small changes, or 'perturbations' to it.



How do you apply first-order perturbation theory?
To apply first-order perturbation theory, you start with the unperturbed Hamiltonian, calculate its
eigenstates and eigenvalues, and then use the perturbing Hamiltonian to find corrections to these
eigenstates and eigenvalues using the first-order perturbation formulas.

What are the limitations of perturbation theory?
The limitations of perturbation theory include its reliance on the perturbation being small compared to the
unperturbed system, and it may fail to converge or provide accurate results when the perturbation is large
or when the system is near a degeneracy.

Can perturbation theory be used in classical mechanics?
Yes, perturbation theory can be applied in classical mechanics to analyze systems with small disturbances,
such as studying the motion of celestial bodies under the influence of weak gravitational forces.

What is the distinction between non-degenerate and degenerate
perturbation theory?
Non-degenerate perturbation theory applies when the unperturbed energy levels are distinct, while
degenerate perturbation theory is used when two or more energy levels are the same, requiring additional
techniques to resolve the degeneracy.

How do you calculate second-order corrections in perturbation theory?
Second-order corrections are calculated using the second-order perturbation formula, which involves
summing over all unperturbed states and includes terms that account for the influence of the perturbation
on these states.

What role does symmetry play in perturbation theory?
Symmetry can simplify perturbation calculations by allowing certain terms to vanish or by ensuring that
certain states remain unchanged under the action of the perturbation, thus making the analysis more
manageable.

What is an example of a physical system where perturbation theory is
applied?
An example of a physical system where perturbation theory is applied is the hydrogen atom in an external
electric field, where the electric field serves as a perturbation to the Hamiltonian of the unperturbed
hydrogen atom.



How can numerical methods complement perturbation theory?
Numerical methods can complement perturbation theory by providing exact solutions for systems that are
too complex for analytical perturbation techniques, allowing for a more comprehensive understanding of
the system's behavior.
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