
Number Theory Problems With Solutions

Number theory problems with solutions represent a fascinating area of mathematics that delves
into the properties and relationships of integers. This branch of mathematics is not only theoretical
but also has practical applications in cryptography, computer science, and various fields of
engineering. In this article, we will explore several intriguing number theory problems, providing
detailed explanations and solutions to enhance understanding and foster problem-solving skills.

Understanding Number Theory

Number theory is one of the oldest branches of mathematics, often referred to as "the queen of
mathematics." It focuses on the study of integers and their properties. The fundamental concepts
include prime numbers, divisibility, congruences, and much more.



Key areas of number theory include:

Divisibility

Prime numbers

Congruences

Diophantine equations

Number sequences

In this article, we will examine specific problems related to these areas, along with their solutions.

Problem 1: Prime Factorization

Problem Statement

Find the prime factorization of the number 420.

Solution

To find the prime factorization of a number, we divide it by the smallest prime number until we reach
1. Here’s how we can do that for 420:

1. Divide by 2 (the smallest prime):
- 420 ÷ 2 = 210
2. Divide by 2 again:
- 210 ÷ 2 = 105
3. Next smallest prime is 3:
- 105 ÷ 3 = 35
4. Next smallest prime is 5:
- 35 ÷ 5 = 7
5. Finally, we are left with 7, which is a prime number.

Thus, the prime factorization of 420 is:

2² × 3¹ × 5¹ × 7¹.



Problem 2: Greatest Common Divisor (GCD)

Problem Statement

Find the greatest common divisor of 48 and 180.

Solution

To find the GCD, we can use the Euclidean algorithm, which involves repeated division. Here’s how it
works:

1. Divide the larger number by the smaller number and find the remainder:
- 180 ÷ 48 = 3 (remainder 36)
2. Replace the larger number with the smaller number and the smaller number with the remainder:
- Now, perform 48 ÷ 36 = 1 (remainder 12)
3. Repeat:
- 36 ÷ 12 = 3 (remainder 0)

When the remainder reaches 0, the last non-zero remainder is the GCD. Therefore, the GCD of 48 and
180 is 12.

Problem 3: Solving Diophantine Equations

Problem Statement

Solve the Diophantine equation: 3x + 5y = 12 for non-negative integers x and y.

Solution

A Diophantine equation is one that seeks integer solutions. To solve \(3x + 5y = 12\), we can express
\(y\) in terms of \(x\):

1. Rearranging gives us:
- \(5y = 12 - 3x\)
- \(y = (12 - 3x)/5\)

For \(y\) to be a non-negative integer, \(12 - 3x\) must be non-negative and divisible by 5.

2. Determine possible values for \(x\):
- \(12 - 3x \geq 0\) implies \(x \leq 4\).



Now we can test integer values from \(0\) to \(4\) for \(x\):

- x = 0: \(y = (12 - 30)/5 = 12/5\) (not an integer)
- x = 1: \(y = (12 - 31)/5 = 9/5\) (not an integer)
- x = 2: \(y = (12 - 32)/5 = 6/5\) (not an integer)
- x = 3: \(y = (12 - 33)/5 = 3/5\) (not an integer)
- x = 4: \(y = (12 - 34)/5 = 0\) (valid)

Thus, the only non-negative integer solution is \( (x, y) = (4, 0) \).

Problem 4: Modular Arithmetic

Problem Statement

What is the result of \( 7^{100} \mod 5 \)?

Solution

To solve this modular arithmetic problem, we can use Fermat's Little Theorem, which states that if
\(p\) is a prime and \(a\) is an integer not divisible by \(p\), then:

\[ a^{p-1} \equiv 1 \mod p \]

Here, \(p = 5\) and \(a = 7\) (not divisible by 5). Thus, \(7^{4} \equiv 1 \mod 5\).

Next, we need to find \(100 \mod 4\):

\[ 100 \div 4 = 25 \quad \text{remainder } 0 \]

So, \(100 \mod 4 = 0\), which means:

\[ 7^{100} \equiv (7^{4})^{25} \equiv 1^{25} \equiv 1 \mod 5 \]

The final result is:

1.

Problem 5: Fibonacci Numbers and Modular Arithmetic



Problem Statement

Find the remainder when the 10th Fibonacci number is divided by 5.

Solution

The Fibonacci sequence is defined as follows:

- \(F(0) = 0\)
- \(F(1) = 1\)
- \(F(n) = F(n-1) + F(n-2)\) for \(n \geq 2\)

Calculating the first ten Fibonacci numbers:

- \(F(0) = 0\)
- \(F(1) = 1\)
- \(F(2) = 1\)
- \(F(3) = 2\)
- \(F(4) = 3\)
- \(F(5) = 5\)
- \(F(6) = 8\)
- \(F(7) = 13\)
- \(F(8) = 21\)
- \(F(9) = 34\)
- \(F(10) = 55\)

Now, we find the remainder of \(F(10) = 55\) when divided by 5:

\[ 55 \mod 5 = 0 \]

Thus, the remainder when the 10th Fibonacci number is divided by 5 is:

0.

Conclusion

Number theory problems with solutions can significantly enhance one’s understanding of integers and
their properties. The problems discussed in this article, ranging from prime factorization to modular
arithmetic, illustrate the beauty and complexity of number theory. By engaging with these problems,
learners can develop critical thinking and problem-solving skills that extend beyond mathematics into
various fields of study. As you explore number theory further, you will discover even more intricate
problems and elegant solutions that highlight the richness of this mathematical discipline.



Frequently Asked Questions

What is the solution to the equation x^2 + 5x + 6 = 0 in
number theory?
The solutions can be found using the quadratic formula: x = (-b ± √(b² - 4ac)) / 2a. Here, a = 1, b = 5,
c = 6. Thus, x = (-5 ± √(25 - 24)) / 2 = (-5 ± 1) / 2. This gives x = -2 and x = -3.

How do you find the greatest common divisor (GCD) of 48 and
180?
You can use the Euclidean algorithm. Start with GCD(180, 48). Since 180 = 3 48 + 36, we then find
GCD(48, 36). Continuing, GCD(48, 36) = GCD(36, 12), and GCD(36, 12) = GCD(12, 0). Thus, GCD(48,
180) = 12.

What is a simple example of a prime number problem with a
solution?
Identify whether 29 is a prime number. A number is prime if it has no divisors other than 1 and itself.
The positive divisors of 29 are only 1 and 29, so it is a prime number.

How can you solve the linear Diophantine equation 3x + 4y =
5?
To solve for integer solutions, we can use the Extended Euclidean Algorithm. Since GCD(3, 4) = 1
(which divides 5), there are integer solutions. One particular solution is x = 1, y = 1. The general
solution is x = 1 + 4t, y = 1 - 3t for any integer t.

What is the method to find the least common multiple (LCM)
of 15 and 20?
The LCM can be found using the relationship LCM(a, b) = (a b) / GCD(a, b). Here, GCD(15, 20) = 5.
Thus, LCM(15, 20) = (15 20) / 5 = 60.
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