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Cyclotomic fields are a fascinating area of study in algebraic number theory, emerging from the

intersection of number theory and field theory. They are defined as the splitting fields of cyclotomic

polynomials, which are special polynomials that arise from the roots of unity. This article aims to

provide a comprehensive introduction to cyclotomic fields, covering their definition, properties,

applications, and significance in modern mathematics.

Definition of Cyclotomic Fields

A cyclotomic field is generated by adjoining a primitive root of unity to the rational numbers. The n-th

cyclotomic field, denoted as \( \mathbb{Q}(\zeta_n) \), is defined where \( \zeta_n \) is a primitive \( n \)-

th root of unity, meaning that \( \zeta_n = e^{2\pi i / n} \). The cyclotomic field can be expressed as:

\[

\mathbb{Q}(\zeta_n) = \mathbb{Q}(\zeta_n)

\]

where \( \mathbb{Q} \) is the field of rational numbers. The minimal polynomial of \( \zeta_n \) over \(

\mathbb{Q} \) is the cyclotomic polynomial \( \Phi_n(x) \), which is defined as:

\[

\Phi_n(x) = \prod_{d \mid n} (x^{\frac{n}{d}} - 1)^{\mu(d)}

\]

where \( \mu \) is the Möbius function. The degree of the cyclotomic field \( \mathbb{Q}(\zeta_n) \) over

\( \mathbb{Q} \) is given by Euler's totient function \( \varphi(n) \), which counts the integers up to \( n \)

that are coprime to \( n \).



Properties of Cyclotomic Fields

Cyclotomic fields possess several important properties that make them a central topic in number

theory. Some notable properties include:

1. Galois Group

The Galois group of a cyclotomic field \( \mathbb{Q}(\zeta_n) \) over \( \mathbb{Q} \) can be identified

with the multiplicative group of integers modulo \( n \). More formally, the Galois group \(

\text{Gal}(\mathbb{Q}(\zeta_n)/\mathbb{Q}) \) is isomorphic to \( (\mathbb{Z}/n\mathbb{Z})^ \), the group

of units in the ring of integers modulo \( n \). Each element of the Galois group corresponds to a

different automorphism that sends \( \zeta_n \) to \( \zeta_n^k \) for some \( k \) coprime to \( n \).

2. Class Number

The class number of a cyclotomic field is an important invariant in algebraic number theory. It

measures the failure of unique factorization in the ring of integers of the field. Cyclotomic fields often

have interesting class numbers, which can be computed using various methods, including the use of

Minkowski bounds and class group computations.

3. Ideal Class Groups

The structure of the ideal class group of cyclotomic fields can be studied using the tools of algebraic

number theory. The ideal class group provides information on the factorization of ideals in the ring of

integers of the cyclotomic field. It is particularly notable that the ideal class group of the \( n \)-th

cyclotomic field can often be analyzed using the theory of modular forms.



Applications of Cyclotomic Fields

Cyclotomic fields have numerous applications across various branches of mathematics. Some of the

key applications include:

1. Algebraic Number Theory

Cyclotomic fields play a crucial role in algebraic number theory, particularly in the study of number

fields, class fields, and the behavior of primes in extensions. They are used to construct class field

theory, which connects abelian extensions of number fields with the structure of their ideal class

groups.

2. Cryptography

The properties of cyclotomic fields have been leveraged in the development of cryptographic

algorithms. For example, certain cryptographic systems use the difficulty of solving problems in

cyclotomic fields to ensure security. Techniques such as the use of elliptic curves over cyclotomic

fields are also explored for secure communication.

3. Topology and Geometry

In topology and algebraic geometry, cyclotomic fields appear in the study of étale cohomology and the

behavior of algebraic varieties over finite fields. They also contribute to the understanding of the Galois

representations that arise in the study of algebraic cycles.



Computational Aspects of Cyclotomic Fields

The computational study of cyclotomic fields has gained prominence with advancements in algorithms

and computational tools. Some of the key computational aspects include:

1. Algorithms for Computing Class Numbers

Numerous algorithms exist for computing the class number of cyclotomic fields, leveraging techniques

from lattice reduction, Minkowski bounds, and analytic number theory. These algorithms have been

successfully applied to compute class numbers for various cyclotomic fields, contributing to the

understanding of their structure.

2. Software Packages

Several software packages, such as PARI/GP and SageMath, provide tools for working with cyclotomic

fields. These packages enable researchers to perform computations related to algebraic integers, class

groups, and Galois groups, facilitating deeper exploration of cyclotomic fields and their properties.

3. Applications in Modern Research

Recent research has delved into the connections between cyclotomic fields and other mathematical

areas, such as arithmetic geometry and modular forms. The study of cyclotomic fields remains an

active area of research, with ongoing investigations into their arithmetic properties and connections to

other mathematical structures.



Conclusion

In conclusion, cyclotomic fields represent a rich and intricate area of study within algebraic number

theory. Their definition, properties, and applications illustrate the deep connections between roots of

unity, Galois theory, and modern computational methods. As research in this field continues to

advance, cyclotomic fields will undoubtedly remain a pivotal topic, influencing various branches of

mathematics and its applications. Understanding these fields not only enhances our grasp of number

theory but also opens pathways to new discoveries in mathematics and beyond.

Frequently Asked Questions

What are cyclotomic fields?

Cyclotomic fields are a class of number fields obtained by adjoining a primitive nth root of unity to the

rational numbers. They are denoted as Q(ζ_n), where ζ_n is a primitive nth root of unity.

How are cyclotomic fields related to Galois theory?

Cyclotomic fields are Galois extensions of the rational numbers, and their Galois group is isomorphic

to the group of units of the ring of integers modulo n, which provides deep insights into their structure

and properties.

What is the significance of the degree of cyclotomic fields?

The degree of the cyclotomic field Q(ζ_n) over Q is φ(n), where φ is Euler's totient function. This

measures the number of integers up to n that are coprime to n, providing information about the field's

complexity.

Can you explain the concept of the discriminant in cyclotomic fields?

The discriminant of a cyclotomic field Q(ζ_n) can be expressed as (-1)^(φ(n)/2) n^φ(n). It is an

important invariant that helps determine the ramification of primes in the field.



What role do cyclotomic fields play in modern number theory?

Cyclotomic fields are essential in various areas of number theory, including the study of modular

forms, class field theory, and the explicit construction of abelian extensions of number fields.

How do cyclotomic fields relate to the Riemann Hypothesis?

Cyclotomic fields provide examples for various conjectures related to the Riemann Hypothesis,

especially in the context of the distribution of prime numbers and the behavior of L-functions

associated with them.

What are some applications of cyclotomic fields in cryptography?

Cyclotomic fields are used in various cryptographic protocols, including those based on the difficulty of

computing discrete logarithms in finite fields, which underlie many public key cryptosystems.
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