International Math Olympiad Problems And
Solutions

Solutions

Twentieth International Olympiad, 1978
1978,/1. Since 1978 and 1978" agree in their last three digits, the
difference
1978" — 1978™ = 1978™(1978" "= — 1)

is divisible by 10" = 2*- 5%; and since the second factor above is odd, 2°
divides the first. Also
1978~ = 2™ . 9897,
30 B o2 A
We can write m + n=(n — m}) + 2m; 0 minmize this sum, we take
m= 3 and seek the smallest value of & = p — m, such that 19789 — 1 is
divisible by 5 = 125, ie

19784 = 1{mod 125).
We shall twice make use of the following

Lesisa, Let o be the smallest exponent such thar a® = 1{mod N). Then
any other exponent g for which a® = 1{mod N) is a multiple of d.

Proor: If d does not divide g, then g=qgd +r with 0 <r < d,
and a® = g% = I{mod N) implies o" = limod N) with 0 <r<d,
contradicting the minimality of 4. 5o d|g.

Fermat's theorem states:t For any prime p and any inleger & not
divisible by p,

(1) af~ ' = 1({mod p).
For example,

1978* = 1{mod 5).

tFor a prool, see eg. p. 126 of 5. L. Greitzer, The Tuternasional Mathematical Olvaipigeds,
wil, 27 in this NML series

International Math Olympiad Problems and Solutions are a crucial aspect of mathematical
competitions worldwide, showcasing the talents of young mathematicians from various countries. The
International Mathematical Olympiad (IMO), first held in 1959, is one of the oldest and most
prestigious mathematical competitions for high school students. It comprises challenging problems
that test not only computational skills but also deep understanding and creative thinking. This article
delves into the nature of IMO problems, explores some notable problems and their solutions, and
provides guidance for aspiring participants.



Understanding the International Math Olympiad

The IMO is an annual event where select students from different countries compete in solving
complex mathematical problems. Each participating country is allowed to send a team of up to six
students, along with a leader and a deputy leader. The competition typically features:

- Problem Structure: The IMO consists of two days of testing, with each day presenting three
problems. Each problem carries a maximum of 7 points, leading to a total of 42 points possible.
- Topic Coverage: The problems encompass various areas of mathematics, including algebra,
combinatorics, geometry, and number theory.

The IMO serves not only as a competition but also as a platform for fostering international friendships
and promoting mathematics globally.

Characteristics of IMO Problems

IMO problems are unique in their design and approach. They typically exhibit the following
characteristics:

1. Complexity and Depth

- Non-standard Problems: Unlike regular high school exams, IMO problems often require deeper
insight and creativity. They may involve unexpected twists or require the application of multiple
mathematical concepts.

- Higher-level Reasoning: Solutions often necessitate a sophisticated level of reasoning and logical
deduction.

2. Aesthetic Appeal

- Elegant Solutions: Many problems have solutions that are not only correct but also elegant and
concise. Participants are encouraged to find the most efficient methods to reach a solution.

- Connections to Various Areas: Problems may have connections to different branches of
mathematics, showcasing the interconnectedness of mathematical concepts.

3. Originality and Creativity

- Non-routine Problem Solving: Participants must think outside the box, as solutions often involve
creative approaches rather than rote application of formulas and techniques.
- Insightful Ideas: Problems frequently require a unique insight or clever trick to simplify the situation.

Notable IMO Problems and Their Solutions

To illustrate the nature of IMO problems, here are a few notable examples along with their solutions:



Problem 1: Geometry Challenge
1978 IMO Problem:

Prove that in any triangle, the angle bisector of an angle divides the opposite side into segments that
are proportional to the adjacent sides.

Solution:

Let \( \triangle ABC\) be a triangle with angle \( \angle A\) and let \( D \) be the point on side \( BC)
such that \( AD ) is the angle bisector of \( \angle A\). According to the Angle Bisector Theorem, we
have:

\[
\frac{BD}{DC} = \frac{AB}{AC}

\]

This can be proven using similar triangles. By constructing a line parallel to side \( BC\) through point
\( A\) and applying the properties of similar triangles, we can derive the required proportion.

Problem 2: Number Theory Conundrum
1999 IMO Problem:

Find all pairs of positive integers \( (a, b) \) such that\(a”~2 + b"~2 = 1999)).

Solution:

To solve this problem, we can analyze the equation \( a2 + b~2 = 1999 ). Since \( 1999 ) is
congruent to \( 3 \mod 4 ), we note that it cannot be expressed as a sum of two squares unless both
\(a\) and \( b\) are odd.

Next, we test integers \(a\) and \( b\) up to \( \sqrt{1999} \). After checking possible values, we find
that no pairs satisfy the equation. Thus, there are no positive integer solutions for \( (a, b) \).

Problem 3: Combinatorial Problem
2005 IMO Problem:

Show that for any positive integer \( n\), the number of ways to arrange \( n\) distinct objects in a
circle is \( (n-1)!\).

Solution:
To arrange \( n'\) objects in a circle, we recognize that circular arrangements can be thought of as

linear arrangements with one object fixed to account for rotational symmetry.

1. Choose one object to fix.
2. Arrange the remaining \( n-1\) objects in a line.

Thus, the number of circular arrangements is given by \( (n-1)! ).



Preparing for the IMO

For students aspiring to participate in the IMO, preparation is key. Here are some strategies to
enhance mathematical skills and problem-solving abilities:

1. Study Past Papers

- Review problems from previous IMOs to understand the level of difficulty and the types of questions
asked.
- Attempt to solve these problems without looking at the solutions first.

2. Join Mathematical Communities

- Engage with math clubs and online forums where students discuss problems and solutions.
- Participate in mock competitions to simulate the experience of the IMO.

3. Focus on Key Areas

- Strengthen skills in geometry, number theory, combinatorics, and algebra.
- Solve problems that require creative approaches and deep understanding.

4. Work with Mentors

- Seek guidance from teachers or mentors who have experience with competitive mathematics.
- Collaborate with peers to challenge each other and share different problem-solving techniques.

Conclusion

The International Math Olympiad is a prestigious event that challenges young mathematicians to
think critically and creatively. The problems presented at the IMO are not only tests of mathematical
skills but also opportunities to explore the beauty and depth of mathematics. Through understanding
notable problems and solutions, as well as preparing effectively, aspiring participants can enhance
their chances of success in this esteemed competition. Whether you are a seasoned competitor or a
newcomer, the journey into the world of mathematical olympiads promises to be both enlightening
and rewarding.

Frequently Asked Questions

What types of problems are typically found in the



International Math Olympiad?

The problems usually cover a range of topics including algebra, combinatorics, geometry, and number
theory. They are designed to test creative problem-solving skills and often require non-standard
approaches.

How can | prepare for the International Math Olympiad?

Preparation can include studying past Olympiad problems, participating in math clubs, engaging in
online courses, and solving problems from various mathematical fields. It is also beneficial to work on
timed practice tests.

Are there any specific resources recommended for solving
International Math Olympiad problems?

Yes, recommended resources include books like 'The Art and Craft of Problem Solving' by Paul Zeitz,
'Problem-Solving Strategies' by Arthur Engel, and online platforms like AoPS (Art of Problem Solving)
for practice problems and community support.

What is the format of the International Math Olympiad
competition?

The competition typically consists of two days of testing, each with three problems per day.
Participants have four and a half hours to solve the problems, which are graded based on correctness
and completeness.

How is the scoring system structured in the International
Math Olympiad?

Each problem is worth 7 points, leading to a total of 42 points for the event. Partial credit is awarded
for incomplete solutions, encouraging participants to attempt all problems even if they cannot fully
solve them.

What skills are essential for solving Math Olympiad problems?

Key skills include logical reasoning, critical thinking, creativity in problem-solving, and a strong
foundation in various mathematical concepts. The ability to approach problems from different angles
is also crucial.

Can you provide an example of a famous International Math
Olympiad problem?

One well-known problem is the 'Muirhead's inequality problem,' which involves inequalities and
symmetric sums. It requires participants to apply advanced algebraic techniques to find the solution.

How do solutions to International Math Olympiad problems
differ from typical classroom math problems?

Solutions to Olympiad problems often involve deeper insights and unconventional methods. They
require not only the application of mathematical knowledge but also creativity and innovative



thinking, which are less emphasized in regular classroom settings.

What role do mentorship and guidance play in preparation for
the International Math Olympiad?

Mentorship can significantly enhance preparation by providing experienced insights, tailored advice,
and guidance in problem-solving techniques. Mentors can help students navigate complex topics and
develop strategic approaches to tackling problems.
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Explore challenging International Math Olympiad problems and solutions to sharpen your skills.
Discover how to excel in math competitions today!
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