
Formulas For Natural Frequency And Mode
Shape



Formulas for natural frequency and mode shape are foundational concepts in the fields of mechanical,

civil, and aerospace engineering. Understanding these principles is crucial for analyzing dynamic



systems, ensuring structural integrity, and designing systems that can withstand vibrational forces.

Natural frequency refers to the frequency at which a system tends to oscillate in the absence of any

driving force, while mode shapes describe the specific patterns of displacement the system undergoes

at these frequencies. This article delves into the formulas associated with natural frequency and mode

shape, exploring their significance, derivation, and applications.

Understanding Natural Frequency

Natural frequency is a critical parameter in the study of vibrating systems. It determines how a system

responds to external forces and is influenced by the system's mass and stiffness.

Definition of Natural Frequency

Natural frequency (\( \omega_n \)) can be defined as the frequency at which a system oscillates when

not subjected to any external force. Every physical system has its natural frequencies, which can be

calculated using various formulas depending on the system's characteristics.

Formulas for Natural Frequency

The formula for natural frequency can vary based on the type of system analyzed. Below are some of

the most common scenarios:

1. Single Degree of Freedom (SDOF) Systems:

- For a simple mass-spring system, the natural frequency is given by:

\[

\omega_n = \sqrt{\frac{k}{m}}

\]



Where:

- \( k \) = stiffness of the spring (N/m)

- \( m \) = mass of the object (kg)

2. Damped Systems:

- In damped systems, the natural frequency can be expressed as:

\[

\omega_n = \sqrt{\frac{k}{m} - \left(\frac{c}{2m}\right)^2}

\]

Where:

- \( c \) = damping coefficient (Ns/m)

3. Multi-Degree of Freedom (MDOF) Systems:

- For MDOF systems, natural frequencies are obtained by solving the eigenvalue problem derived from

the mass (\( M \)) and stiffness (\( K \)) matrices:

\[

\text{det}(K - \omega^2 M) = 0

\]

The solutions to this equation yield the natural frequencies (\( \omega_n \)).

Understanding Mode Shapes

Mode shapes refer to the specific patterns of deformation that a system undergoes at its natural

frequencies. Each natural frequency corresponds to a unique mode shape.

Definition of Mode Shapes

Mode shapes describe how different parts of a structure move relative to each other during oscillation.

They illustrate the displacement of points in the system when it vibrates at a natural frequency. Mode



shapes are crucial for understanding how vibrational energy is distributed across a structure.

Formulas for Mode Shapes

1. Single Degree of Freedom (SDOF) Systems:

- For an SDOF system, the mode shape is typically represented as a simple function, often a sine or

cosine function:

\[

\phi(t) = A \cos(\omega_n t + \phi_0)

\]

Where:

- \( A \) = amplitude

- \( \phi_0 \) = phase angle

2. Multi-Degree of Freedom (MDOF) Systems:

- In MDOF systems, mode shapes can be determined by solving the eigenvalue problem as follows:

\[

\phi_i = \text{eigenvector corresponding to the eigenvalue } \omega_i^2

\]

The eigenvectors represent the mode shapes, indicating how each mass in the system displaces in

relation to the others.

Applications of Natural Frequency and Mode Shape

Understanding natural frequency and mode shapes is essential for several applications, including:

- Structural Engineering:

- Engineers design structures to avoid resonance, which occurs when external forces match a

structure's natural frequency. This understanding is vital in earthquake-resistant design, where



buildings must withstand vibrational forces.

- Mechanical Systems:

- In machinery, ensuring that components do not resonate with operational frequencies prevents

excessive wear and failure. Vibration analysis helps in the maintenance and design of mechanical

systems.

- Aerospace Engineering:

- Aircraft and spacecraft must be designed considering their natural frequencies to prevent failure

during flight. Understanding mode shapes assists engineers in optimizing designs for performance and

safety.

- Automotive Engineering:

- Vehicles are subject to various vibrational forces. Engineers analyze natural frequencies to enhance

comfort and stability while ensuring components don’t resonate under normal operating conditions.

Factors Influencing Natural Frequency and Mode Shape

Several factors can influence the natural frequency and mode shapes of a system:

1. Mass:

- Increasing the mass of a system generally lowers its natural frequency. Heavier systems tend to

oscillate more slowly.

2. Stiffness:

- A stiffer system has a higher natural frequency. Increasing stiffness raises the frequency at which the

system oscillates.

3. Damping:

- Damping influences the amplitude of oscillation but does not typically affect the natural frequency.



However, it can change how quickly the system returns to equilibrium.

4. Geometry:

- The shape and configuration of a structure can significantly affect its stiffness and, consequently, its

natural frequency and mode shapes.

5. Boundary Conditions:

- The way a structure is supported or constrained also affects its vibrational characteristics. Different

boundary conditions lead to different mode shapes.

Conclusion

In summary, formulas for natural frequency and mode shape are essential tools for engineers and

researchers in various fields. By understanding the principles behind these formulas, one can

effectively analyze and design systems that can withstand dynamic loads, enhancing safety and

performance. The interplay between mass, stiffness, damping, and geometry is crucial in determining

how a system behaves under vibrational forces. As technology advances, the ability to accurately

predict natural frequencies and mode shapes becomes increasingly important in innovative design and

analysis processes. By employing these principles, engineers can create more resilient structures and

systems capable of withstanding the challenges posed by dynamic environments.

Frequently Asked Questions

What is the formula for calculating the natural frequency of a simple

harmonic oscillator?

The natural frequency (ω) of a simple harmonic oscillator is calculated using the formula ω = √(k/m),

where k is the stiffness of the spring and m is the mass of the object.



How do you determine the mode shapes for a cantilever beam?

The mode shapes for a cantilever beam can be determined by solving the differential equation for

beam deflection, typically yielding shapes that resemble sine or cosine functions, with boundary

conditions applied at the fixed end and free end.

What role does damping play in the natural frequency of a system?

Damping affects the natural frequency by reducing the amplitude of oscillations but does not change

the natural frequency in ideal undamped systems; however, in damped systems, the damped natural

frequency is given by ω_d = ω_n√(1 - ζ²), where ζ is the damping ratio.

Can natural frequency be measured experimentally, and if so, how?

Yes, natural frequency can be measured experimentally using techniques such as modal analysis,

where the system is subjected to an impulse or a random vibration, and the response is analyzed

using frequency response functions to identify the natural frequencies.

What are the implications of having multiple natural frequencies in a

mechanical system?

Having multiple natural frequencies in a mechanical system indicates the presence of multiple modes

of vibration, which can lead to resonance at specific frequencies, potentially causing excessive

vibrations or structural failure if not properly managed.
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