Finding One Sided Limits Algebraically
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Finding one-sided limits algebraically is a crucial concept in calculus that
helps us understand the behavior of functions as they approach a certain
point from either the left or the right. One-sided limits help us analyze
discontinuities, define function behaviors, and solve problems related to
continuity. In this article, we will explore the concept of one-sided limits,
the algebraic methods used to find them, and several examples to solidify our
understanding.

Understanding Limits

Limits are foundational to calculus and are used to define continuity,
derivatives, and integrals. A limit describes the value that a function
approaches as the input approaches a particular value. When dealing with one-
sided limits, we focus on the behavior of a function as it approaches a
specific point from one side only.

Types of One-Sided Limits

There are two types of one-sided limits:

1. Left-Hand Limit (LHL): This is denoted as \( \lim_ {x \to a”~-} f(x) \) and
represents the value that \( f(x) \) approaches as \( x \) approaches \( a \)
from the left.

2. Right-Hand Limit (RHL): This is denoted as \( \lim_{x \to a”+} f(x) \) and
represents the value that \( f(x) \) approaches as \( x \) approaches \( a \)
from the right.

Finding One-Sided Limits Algebraically

To find one-sided limits algebraically, we follow a systematic approach. Here
are the steps to do this:



1. Identify the Point of Interest: Determine the value of \( a \) at which
the limit is to be evaluated.

2. Choose the Side: Decide whether to find the left-hand limit or the right-
hand limit.

3. Substitute Values: For left-hand limits, substitute values of \( x \) that
are slightly less than \( a \), and for right-hand limits, substitute values
that are slightly greater than \( a \).

4. Simplify: If the function involves algebraic expressions, simplify these
expressions as much as possible.

5. Evaluate the Limit: After simplification, find the limit as \( x \)
approaches \( a \) from the chosen side.

Example 1: Finding a Left-Hand Limit

Let’s consider the function \( f(x) = 2x + 3 \) and find the left-hand limit
as \( x \) approaches 1.

1. Identify the Point of Interest: Here, \( a =1 \).

2. Choose the Side: We want to find the left-hand limit, \( \lim_{x \to 1~-}
f(x) \).

3. Substitute Values: We substitute values like \( 0.9, 0.99, 0.999 \) into
the function.

4. Calculate:

- \( £(0.9) = 2(0.9) + 3 =1.8+ 3 = 4.8 )

- \( £(0.99) = 2(0.99) + 3 =1.98 + 3 = 4.98 \)

- \( £(0.999) = 2(0.999) + 3 = 1.998 + 3 = 4.998 \)
(

5. Evaluate the Limit: As \( x \) approaches 1 from the left, \( f(x) \)
approaches 5. Therefore, \( \lim_{x \to 1"-} f(x) = 5 \).

Example 2: Finding a Right-Hand Limit

Now let’s find the right-hand limit for the same function \( f(x) = 2x + 3 \)
as \( x \) approaches 1.

1. Identify the Point of Interest: \( a =1 \).

2. Choose the Side: We are finding the right-hand limit, \( \lim_{x \to 17+}
f(x) \).

3. Substitute Values: We substitute values like \( 1.1, 1.01, 1.001 \) into
the function.

4. Calculate:

- \( £(1.1) = 2(1.1) + 3 =2.2 4+ 3 =5.21\)

- \N( £(1.01) = 2(1 01) + 3 = 2.02 + 3 = 5.02 \)

- \( £(1.001) = 2(1.001) + 3 = 2.002 + 3 = 5.002 \)
(

5. Evaluate the Limit: As \ \) approaches 1 from the right, \( f(x) \)
also approaches 5. Therefore, \( \lim_{x \to 17+} f(x) = 5 \).

X

Dealing with Discontinuities

Sometimes, functions may not be continuous at a given point, leading to
different one-sided limits. In such cases, it is essential to examine the
function closely.



Example 3: A Piecewise Function

Consider the piecewise function:

\ [

f(x) =

\begin{cases}

x"2 & \text{if } x < 2 \\
3 & \text{if } x = 2 \\

4 - x & \text{if } x > 2

\end{cases}

\]

We will find both the left-hand limit and right-hand limit as \( x \)
approaches 2.

1. Left-Hand Limit:

— We calculate \( \lim_{x \to 27—} f(x) \).

- As \( x \) approaches 2 from the left, we use the first piece \( f(x) = x"2
\) .

— Thus, \( \lim_{x \to 27-} f(x) = 272 = 4 \).

2. Right-Hand Limit:
- We calculate \( \lim_ {x \to 2"™+} f£(x) \).

- As \( x \) approaches 2 from the right, we use the third piece \( f(x) = 4
- x \).
— Thus, \( \lim_{x \to 2™+} f(x) =4 - 2 = 2 \).

Since the left-hand limit (4) does not equal the right-hand limit (2), we
conclude that the limit does not exist at \( x = 2 \), and the function has a
discontinuity at that point.

Conclusion

Finding one-sided limits algebraically is a vital skill in calculus that
provides insight into the behavior of functions near specific points. By
systematically substituting values, simplifying expressions, and evaluating
limits, we can determine the behavior of functions as they approach points of
interest. Understanding one-sided limits also helps us analyze
discontinuities and the overall continuity of functions, which is essential
for deeper calculus concepts such as derivatives and integrals. With practice
and application of these techniques, students can confidently tackle problems
involving one-sided limits.

Frequently Asked Questions

What is a one-sided limit in calculus?

A one-sided limit refers to the value that a function approaches as the input
approaches a specific point from one side, either the left (denoted as lim
x>c—-) or the right (denoted as lim x-c+).



How do you find the left-hand limit of a function
algebraically?

To find the left-hand limit of a function f(x) as x approaches c, you
evaluate lim x-»c- f(x), which involves substituting values of x that are
slightly less than ¢ into the function.

What steps should I follow to compute a right-hand
limit algebraically?

To compute a right-hand limit, follow these steps: 1. Identify the function
and the point c. 2. Evaluate lim x-c+ f(x) by substituting values of x that
are slightly greater than c¢ into the function. 3. Simplify if necessary to

find the limit wvalue.

Can one-sided limits differ, and what does that
imply?

Yes, one-sided limits can differ. If lim x-c- f(x) = lim x-c+ f(x), the
overall limit lim x-c f(x) does not exist at that point, indicating a
discontinuity.

What are some common techniques for finding one-sided
limits algebraically?

Common techniques include direct substitution, factoring, rationalizing, and
analyzing piecewise functions. If direct substitution leads to an
indeterminate form, alternative methods like L'Hépital's rule may be used.
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