Example Of A Calculus Problem
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EXAMPLE OF A CALCULUS PROBLEM CAN TAKE MANY FORMS, FROM BASIC DIFFERENTIATION TO COMPLEX INTEGRATION
CHALLENGES. IN THIS ARTICLE, WE WILL EXPLORE A SPECIFIC EXAMPLE THAT ENCOMPASSES VARIOUS CONCEPTS IN CALCULUS,
DEMONSTRATING HOW TO APPROACH AND SOLVE A PROBLEM STEP BY STEP. THIS EXAMPLE WILL NOT ONLY CLARIFY THE
METHODS USED IN CALCULUS BUT ALSO ILLUSTRATE THE IMPORTANCE OF THESE TECHNIQUES IN REAL-\WORLD SCENARIOS.

UUNDERSTANDING THE PROBLEM

To PROVIDE A CLEAR EXAMPLE, LET’S CONSIDER A REAL-WORLD CONTEXT: A COMPANY THAT MANUFACTURES AND SELLS A
PRODUCT. THE COMPANY’S REVENUE AND COST FUNCTIONS ARE DEFINED AS FOLLOWS:

- Revenue FuncTion: \( R(x) = 50x - 0.5x"2\)
- CosT FuncTion: \( C(x) = 20x + 100 \)

Here, \( X \) REPRESENTS THE NUMBER OF UNITS SOLD. OUR GOAL IS TO FIND THE NUMBER OF UNITS THAT MAXIMIZES THE
COMPANY’S PROFIT.

STeP 1: DEFINING PROFIT

PROFIT IS DEFINED AS THE DIFFERENCE BETWEEN REVENUE AND COST. THUS, WE CAN EXPRESS THE PROFIT FUNCTION \( P(x) \)
AS FOLLOWS:

\[
P(x) =R(x) - C(x)
\]

SUBSTITUTING THE GIVEN FUNCTIONS INTO THIS EQUATION, WE HAVE:

\[



P(x) = (50x - 0.5x"2) - (20x + 100)
\]

SIMPLIFYING THIS EXPRESSION, WE CAN COMBINE LIKE TERMS:

\[

P(x) = 50x - 0.56x"2 - 20x - 100
\]

\[

P(x) =-0.5x"2 + 30x - 100

\]

STEP 2: FINDING THE CRITICAL POINTS

TO FIND THE MAXIMUM PROFIT, WE NEED TO LOCATE THE CRITICAL POINTS OF THE PROFIT FUNCTION BY TAKING THE DERIVATIVE
AND SETTING IT TO zERO. THE DERIVATIVE \( P’(x) \) IS CALCULATED AS FOLLOWS:

\[

P'(x) = \rrac{p}{pox}(-0.5x"2 + 30x - 100)
\]

\[

P'(x) =-x+ 30

\]

SETTING THE DERIVATIVE EQUAL TO ZERO GIVES US:

\l
X +30=0
\]

SoLvinG For \( x \):

\[
x = 30
\]

STeP 3: DETERMINING THE NATURE OF THE CRITICAL POINT

TO CONFIRM THAT THIS CRITICAL POINT REPRESENTS A MAXIMUM, WE CAN ANALYZE THE SECOND DERIVATIVE \( P”(x) \):

\[

P"(x) = \rrac{p"2Hox"23(-0.5x"2 + 30x - 100)
\]

\[

P"(x)="-1

\]

SiNnce \( P"(x) < O \), THIS INDICATES THAT THE FUNCTION IS CONCAVE DOWN AT \( x = 30 \), CONFIRMING THAT THIS
POINT INDEED REPRESENTS A MAXIMUM PROFIT.

STeP 4: CALCULATING MAXIMUM PROFIT

Now THAT WE HAVE DETERMINED THE NUMBER OF UNITS THAT MAXIMIZES PROFIT, WE CAN SUBSTITUTE \( x =30 \) BACK



INTO THE PROFIT FUNCTION TO FIND THE MAXIMUM PROFIT:

\[

P(30) =-0.5(30"2) + 30(30) - 100
\]

\l

P(30) =-0.5(900) + 900 - 100
\]

\l

P(30) =-450 + 900 - 100

\]

\l

P(30) = 350

\]

THUS, THE MAXIMUM PROFIT IS $350 WHEN THE COMPANY SELLS 30 UNITS.

GRAPHICAL REPRESENTATION

To BETTER UNDERSTAND THE RELATIONSHIP BETWEEN THE PROFIT, REVENUE, AND COST FUNCTIONS, WE CAN VISUALIZE THEM ON
A GRAPH.

PLOTTING THE FUNCTIONS

1. Revenue FuncTion: \( R(x) = 50x - 0.5x"2 \)
2. CosT FuncTion: \( C(x) = 20x + 100 \)
3. ProrIT FuncTion: \( P(x) =-0.5x"2 + 30x - 100 \)

THE GRAPH WOULD TYPICALLY SHOW:

- THE REVENUE FUNCTION AS A PARABOLA OPENING DOWNW ARDS.

- THE COST FUNCTION AS A LINEAR LINE WITH A POSITIVE SLOPE.

- THE PROFIT FUNCTION AS A SECOND PARABOLA OPENING DOWNWARDS, INTERSECTING THE X-AXIS AT POINTS WHERE PROFIT IS
ZERO.

INTERPRETING THE GRAPH

- INTERSECTION POINTS: THE POINTS WHERE THE REVENUE AND COST FUNCTIONS INTERSECT REPRESENT THE BREAK-EVEN POINTS.
- MAXIMUM POINT: THE VERTEX OF THE PROFIT FUNCTION GIVES THE MAXIMUM PROFIT POINT, WHICH WE CALCULATED AS \( X
=30 \).

ReAL-\X/ ORLD APPLICATIONS

UNDERSTANDING HOW TO MAXIMIZE PROFIT IS CRUCIAL IN MANY BUSINESS SCENARIOS. HERE ARE SOME PRACTICAL APPLICATIONS
OF THIS CALCULUS PROBLEM:

- BusiNess STRATEGY: COMPANIES CAN USE SIMILAR MODELS TO DETERMINE PRICING STRATEGIES AND PRODUCTION LEVELS TO
ENSURE PROFITABILITY.

- RESOURCE ALLOCATION: UNDERSTANDING THE PROFIT MAXIMIZATION HELPS IN ALLOCATING RESOURCES EFFECTIVELY.

- MARKET ANALYSIS: BY ANALYZING THE SHAPES OF THE REVENUE AND COST FUNCTIONS, COMPANIES CAN PREDICT HOW
CHANGES IN MARKET CONDITIONS (LIKE DEMAND OR PRODUCTION COSTS) MIGHT AFFECT THEIR PROFITS.



CoNcCLUSION

THIS EXAMPLE OF A CALCULUS PROBLEM ILLUSTRATES THE POWERFUL TOOLS CALCULUS PROVIDES FOR SOLVING REAL-WORLD
ISSUES SUCH AS PROFIT MAXIMIZATION. BY DEFINING REVENUE AND COST FUNCTIONS, DERIVING THE PROFIT FUNCTION, AND

FINDING ITS CRITICAL POINTS, WE DEMONSTRATE A SYSTEMATIC APPROACH TO OPTIMIZATION PROBLEMS. \WHETHER IN BUSINESS
ENGINEERING, OR THE SCIENCES, CALCULUS REMAINS AN INVALUABLE RESOURCE FOR DECISION-MAKING AND STRATEGIC PLANNING.
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UNDERSTANDING THESE CONCEPTS NOT ONLY AIDS IN ACADEMIC PURSUITS BUT ALSO EQUIPS INDIVIDUALS WITH THE
ANALYTICAL SKILLS NECESSARY FOR VARIOUS PROFESSIONAL FIELDS. THE INTERPLAY BETWEEN THEORETICAL MATHEMATICS AND
PRACTICAL APPLICATION UNDERSCORES THE IMPORTANCE OF CALCULUS IN EVERYDAY PROBLEM-SOLVING.

FREQUENTLY AskeD QUESTIONS

\WHAT IS AN EXAMPLE OF A BASIC CALCULUS PROBLEM INVOLVING DERIVATIVES?

FIND THE DERIVATIVE OF THE FUNCTION F(x) = 3x"2 + 2x - 5.

CAN YOU PROVIDE AN EXAMPLE OF A CALCULUS PROBLEM THAT INVOLVES
INTEGRATION?

CALCULATE THE INTEGRAL OF THE FUNCTION F(x) = 4x*3 FrRoM x = 1 To x = 3.

\WHAT IS AN EXAMPLE OF A CALCULUS PROBLEM USING THE FUNDAMENTAL THEOREM OF
CaLcuLus?

EVALUATE THE DEFINITE INTEGRAL OF F(X) = siN(x) FroM O To .

How DO YOU SET UP A CALCULUS PROBLEM FOR FINDING THE AREA UNDER A CURVE?

TO FIND THE AREA UNDER THE CURVE Y = X2 FROM X = 0 TO X = 2, YOU WOULD SET UP THE INTEGRAL: [}] (FrRom O To 2)
A
x" 2 DX.

W/HAT IS AN EXAMPLE OF APPLYING THE CHAIN RULE IN CALCULUS?

DIFFERENTIATE THE FUNCTION F(x) = (2x + 3)"5 usING THE CHAIN RULE.

CAN YOU GIVE AN EXAMPLE OF A CALCULUS PROBLEM THAT INVOLVES LIMITS?

EvALUATE THE LIMIT: LIM (X -> 0) (sIN(x)/X).

\WHAT IS AN EXAMPLE OF A CALCULUS PROBLEM INVOLVING RELATED RATES?

IF A BALLOON IS BEING INFLATED, AND ITS RADIUS IS INCREASING AT A RATE OF 2 CM/S, HOW FAST IS THE VOLUME OF THE
BALLOON INCREASING WHEN THE RADIUS IS 5 cMP

CAN YOU PROVIDE AN EXAMPLE OF A CALCULUS OPTIMIZATION PROBLEM?

FIND THE DIMENSIONS OF A RECTANGLE WITH A PERIMETER OF 20 METERS THAT MAXIMIZES THE AREA.

\WHAT IS AN EXAMPLE OF A CALCULUS PROBLEM THAT REQUIRES FINDING THE SECOND
DERIVATIVE?

GIVEN THE FUNCTION F(X) = X3 -~ 6x"2 + 9X, FIND THE SECOND DERIVATIVE F''(X).
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