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Find the remaining complex zeros of the given polynomial
functions

5) f(x) =x°+3x°+25x+ 75 zero:—5i
Another zero (the conjugate): 5i
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(x + 5i)(x — 50)
x% — 5ix + 5ix — 25i?
x% —25(-1)
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Understanding Complex Zeros and the
Fundamental Theorem of Algebra

Complex zeros play a pivotal role in the field of mathematics, particularly in algebra and
complex analysis. The Fundamental Theorem of Algebra (FTA) establishes a profound
connection between polynomial functions and their roots, asserting that every non-
constant polynomial function has complex zeros. This theorem is not only fundamental to
understanding polynomial equations but also serves as a gateway to exploring more
advanced mathematical concepts.

The Fundamental Theorem of Algebra

The Fundamental Theorem of Algebra states that every non-constant polynomial \( P(x) \)
with complex coefficients has at least one complex root. More formally, if \( P(x) \) is a
polynomial of degree \( n ), then it has exactly \( n \) complex roots, counting multiplicity.
This theorem was first proven by Carl Friedrich Gauss in the early 19th century, and its
implications extend through various branches of mathematics and engineering.



Understanding Polynomials

To grasp the significance of complex zeros, we must first understand what polynomials
are. A polynomial is a mathematical expression consisting of variables (often denoted as \(
x \)) raised to non-negative integer powers, combined with coefficients. The general form
of a polynomial can be expressed as:

\[
Px)=anx™n+a {n-1} x~{n-1} +\ldots+a 1x+a 0
\]

where:

-\(n) is a non-negative integer (degree of the polynomial)
-\(a n, a {n-1}, \ldots, a 0 ) are constants known as coefficients, with \( a n \neq 0)

Polynomials can be classified based on their degree:

1. Linear Polynomials (\(n = 1\)): \(P(x) =ax + b))

2. Quadratic Polynomials (\(n = 2 \)): \( P(x) = ax™2 + bx + c)

3. Cubic Polynomials (\( n = 3\)): \( P(x) = ax~3 + bx™2 + cx + d )

4. Higher-Degree Polynomials (\( n > 3 \)): More complex expressions involving higher
powers of \( x\)

Complex Numbers and Their Importance

Complex numbers are an extension of the real numbers and consist of a real part and an
imaginary part. They are expressed in the form:

\[

z=a+ bi
\l

where:

-\(a\) is the real part
-\( b ) is the imaginary part
-\(1)) is the imaginary unit, defined by \(i~2 = -1)

The set of complex numbers is denoted as \( \mathbb{C} \), and it includes all real
numbers (where \( b = 0)) and purely imaginary numbers (where \( a = 0)). The
significance of complex numbers in the context of polynomials arises from their ability to
provide solutions that may not be possible within the set of real numbers alone.

Complex Zeros: A Closer Look



When we talk about complex zeros, we are referring to the roots of polynomial equations
that are not real numbers. These zeros can be classified as follows:

- Real Zeros: Roots that lie on the real number line.
- Complex Zeros: Roots that exist in the complex plane, often occurring in conjugate pairs
due to the coefficients of the polynomial being real.

For instance, consider the quadratic polynomial:

\[
Px)=x"2+1
\]

This polynomial has no real roots, as the equation \( x~2 + 1 = 0\) implies \( x~2 = -1).
However, we can find complex roots:

\[
x = i\quad \text{and} \quad x = -i
\]

Here, the roots are complex zeros, illustrating that \( P(x) \) has two complex solutions.

The Role of Complex Zeros in the Fundamental Theorem
of Algebra

The pivotal nature of complex zeros is underscored by the Fundamental Theorem of
Algebra. Since every polynomial of degree \( n\) has exactly \( n \) roots in the complex
number system, we can derive several important implications:

1. Multiplicity of Roots: A root \( r\) is said to have multiplicity \( m\) if it can be factored
out \( m ) times from the polynomial. For example, \( P(x) = (x - r)"m Q(x) \), where \( Q(x)
\) is a polynomial of degree \( n - m ).

2. Conjugate Root Theorem: For polynomials with real coefficients, complex roots always
come in conjugate pairs. This means if \( a + bi ) is a root, then \( a - bi ) is also a root.

3. Graphical Interpretation: The zeros of a polynomial correspond to the points where its

graph intersects the x-axis. For polynomials with complex zeros, their graphs may not
intersect the x-axis at all, indicating the presence of purely complex roots.

Applications of Complex Zeros and the FTA

The implications of complex zeros and the Fundamental Theorem of Algebra extend far
beyond theoretical mathematics. They have practical applications in various fields:

- Engineering: In control theory, the stability of systems is often analyzed using the roots
of characteristic polynomials.



- Physics: Wave functions in quantum mechanics can be expressed as polynomials, where
complex zeros influence probabilities and behaviors of particles.

- Signal Processing: Complex analysis is fundamental in signal processing, particularly in
Fourier transforms that rely on polynomial approximations.

Conclusion

In summary, the concept of complex zeros and the Fundamental Theorem of Algebra
form an essential part of the mathematical landscape. They provide not only a framework
for understanding polynomial equations but also a foundation for exploring more advanced
topics in mathematics and its applications in real-world scenarios. The interplay between
complex numbers and polynomial roots highlights the richness of mathematical theory and
its relevance across diverse disciplines. Understanding these fundamental principles not
only deepens our appreciation for mathematics but also equips us with powerful tools for
solving complex problems in science and engineering.

Frequently Asked Questions

What is the Fundamental Theorem of Algebra?

The Fundamental Theorem of Algebra states that every non-constant polynomial equation
of degree n has exactly n complex roots, counting multiplicities.

How do complex zeros relate to polynomial functions?

Complex zeros are the solutions to polynomial equations that may not be real numbers.
According to the Fundamental Theorem of Algebra, every polynomial function will have
complex zeros, which can be real or non-real.

Can a polynomial have complex zeros if its coefficients
are real?

Yes, a polynomial with real coefficients can have complex zeros. If a polynomial has a
complex root, its complex conjugate must also be a root, ensuring that complex zeros
appear in pairs.

What is an example of a polynomial with complex zeros?

An example is the polynomial f(x) = x~2 + 1, which has no real roots but has complex
zeros at x =iand x = -i.

Why are complex zeros important in mathematics?

Complex zeros are crucial in mathematics because they allow for the complete
factorization of polynomials, provide insights into polynomial behavior, and are essential
in fields such as engineering, physics, and applied mathematics.
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