Complex Numbers Problems With Solutions
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Complex numbers problems with solutions are a fundamental aspect of mathematics that
extends beyond simple arithmetic into the realms of engineering, physics, and applied sciences.
Complex numbers are defined as numbers of the form \( a + bi\), where \(a\) and \( b \) are real
numbers, and \(i\) is the imaginary unit, defined by the property \(i~2 = -1\). This article aims to
explore various problems involving complex numbers, along with their detailed solutions, to help
students and enthusiasts better understand this intriguing subject.

Understanding Complex Numbers

Before diving into problems, it is crucial to understand the basic components of complex numbers:
- Real Part: The real part \( a ) in the complex number \( a + bi ).
- Imaginary Part: The imaginary part \( b \) in the complex number \(a + bi ).

- Magnitude (Modulus): The magnitude of a complex number is given by \( |z| = \sqrt{a”™2 + b"~2}\).
- Conjugate: The conjugate of a complex number \(z = a + bi\) is \( \overline{z} = a - bi)).

Basic Operations with Complex Numbers

Complex numbers can be added, subtracted, multiplied, and divided. Here are some quick reminders



about these operations:

Addition and Subtraction

For two complex numbers\(z 1 =a + bi\)and\(z 2 =c + di\):

- Addition:

\[
z1l1+z2=(a+c)+ (b+d)i
\]

- Subtraction:

\[
z1-z2=(a-c)+ (b-di
\]

Multiplication

For multiplication:

\[
z 1\cdot z 2 = (a + bi)(c + di) = (ac - bd) + (ad + bc)i
\]

Division

To divide \(z 1\) by \(z 2\):

\[

\frac{z 1}{z 2} = \frac{(a + bi)(c - di)}{c™2 + d"2} = \frac{(ac + bd) + (bc - ad)i}{c"2 + d"~2}
\]

Problems and Solutions

Let’s explore some complex number problems along with their solutions:

Problem 1: Addition of Complex Numbers

Problem: Find the sum of\(z 1 =3 +4i\)and\(z 2 =1 - 2i\).

Solution:

\[
z1+22=03+1)+@A-2i=4+2i



\]
Thus, the sumis \(4 + 2i\).

Problem 2: Subtraction of Complex Numbers

Problem: Calculate \(z 3-z 4\) where\(z 3 =5+ 6i\)and\(z 4 =2 + 3i\).

Solution:

\[
z3-2z4=(05-2)+(6-3)i=3+3i
\]

Therefore, the result is \( 3 + 3i ).

Problem 3: Multiplication of Complex Numbers

Problem: Multiply\(z 5 =1+ 2i\)and \(z 6 = 3 + 4i)\).

Solution:

\[

z 5\cdotz 6 = (1 + 2i)(3+4i) =3 +4i+6i+8i"2
\]

Since \(i™2 =-1)):

\[

=3+ 10i-8=-5+ 10i

\]

Thus, the product is \( -5 + 10i ).

Problem 4: Division of Complex Numbers

Problem: Divide\(z 7=4 +3i\) by\(z 8 =1-1\).

Solution:

\[

\frac{z 7}{z 8} = \frac{(4 + 3i)(1 + )}{(1 -i)(1 +1i)} =\frac{(4 +4i + 3i + 3i"2)}{1"2 + 172} =
\frac{(4 + 7i- 3)}{2} = \frac{1l + 7i}{2}

\]

So, the result is:

\[

\frac{1}{2} + \frac{7}{2}i

\]

Problem 5: Magnitude of a Complex Number



Problem: Find the magnitude of \(z 9 =6 - 8i\).

Solution:

\[

|z 9| = \sqrt{672 + (-8)"2} = \sqrt{36 + 64} = \sqrt{100} = 10
\]

Thus, the magnitude is \( 10 \).

Problem 6: Finding the Conjugate

Problem: Determine the conjugate of \(z {10} =7 + 5i\).

Solution:

The conjugate is:

\[

\overline{z {10}} =7 - 5i

\]

So, the conjugate is \( 7 - 5i ).

Advanced Problems

Once you grasp the basic operations, you can tackle more complex scenarios.

Problem 7: Solving a Quadratic Equation with Complex Roots

Problem: Solve the equation \( x~2 + 4x + 8 = 0).

Solution:

Using the quadratic formula \( x = \frac{-b \pm \sqrt{b”~2 - 4ac}}{2a} \):
\[

x = \frac{-4 \pm \sqrt{4"2 - 4 \cdot 1 \cdot 8} }{2 \cdot 1} = \frac{-4 \pm \sqrt{16 - 32} } {2} =
\frac{-4 \pm \sqrt{-16}}{2}

\]

This simplifies to:

\[

x = \frac{-4 \pm 4i}{2} = -2 \pm 2i

\]

Thus, the roots are \( -2 + 2i\) and \( -2 - 2i ).

Problem 8: Complex Exponentials

Problem: Express \( e”~{i\pi} \) using Euler's formula.



Solution:

According to Euler's formula:

\[

e {i\theta} = \cos(\theta) + i\sin(\theta)

\]

So,

\[

e~ {i\pi} = \cos(\pi) + i\sin(\pi) = -1 + 0i = -1
\]

Thus, \( e~ {i\pi} =-1\).

Conclusion

Complex numbers play a vital role in various fields, providing solutions to problems that real
numbers alone cannot solve. From basic arithmetic operations to solving quadratic equations and
understanding exponential forms, mastering complex numbers opens up a world of mathematical
possibilities. This article has covered numerous problems and solutions, aiding in the understanding
and application of complex numbers in different contexts. Whether for academic purposes or
personal enrichment, familiarity with complex numbers is an essential skill in mathematics.

Frequently Asked Questions

How do you add two complex numbers, (3 + 4i) and (5 + 2i)?

To add two complex numbers, you simply add their real parts and their imaginary parts separately.
Thus, 3 +4i))+ (5 +2))=3+5)+ (4 +2)i=28+ 6i

What is the product of the complex numbers (1 + 2i) and (3 -
4i)?

To find the product, use the distributive property (FOIL): (1 + 2i)(3 - 4i) = 13 + 1(-4i) + 2i3 + 2i(-4i)
=3-4i+ 6i-8i"2. Sincei™2 = -1, this becomes 3-4i+ 6i+ 8 =11 + 2i.

How do you divide the complex numbers (4 + 3i) by (2 - i)?

To divide complex numbers, multiply the numerator and denominator by the conjugate of the
denominator: (4 +3i)/ (2-1) (2+1)/2+1)=[4 +3)2+)]/[(2-1)(2+1)]=(8+4i+6i+3i"2)
/(4+1)=@8+10i-3)/5=(5+10i))/5=1+ 2i

What is the modulus of the complex number (3 - 4i)?

The modulus of a complex number a + bi is given by the formula v(a? + b?). For (3 - 4i), the modulus
is V(32 + (-4)?) = V(9 + 16) = V25 = 5.



How do you find the conjugate of the complex number (7 +
6i)?

The conjugate of a complex number a + bi is a - bi. Therefore, the conjugate of (7 + 6i) is (7 - 6i).
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