Calculus Limits Problems And Solutions



EXERCISE 9.4

Evaluate the following limits
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CALCULUS LIMITS PROBLEMS AND SOLUTIONS ARE FUNDAMENTAL TO UNDERSTANDING THE BEHAVIOR OF FUNCTIONS AS THEY
APPROACH SPECIFIC VALUES. IN CALCULUS, LIMITS HELP IN DEFINING DERIVATIVES AND INTEGRALS, WHICH ARE KEY CONCEPTS IN
MATHEMATICAL ANALYSIS. THIS ARTICLE WILL EXPLORE VARIOUS TYPES OF LIMIT PROBLEMS, METHODS FOR SOLVING THEM, AND



PROVIDE SOLUTIONS TO ENHANCE YOUR UNDERSTANDING OF THIS ESSENTIAL TOPIC.

UNDERSTANDING LIMITS

LIMITS DESCRIBE THE BEHAVIOR OF A FUNCTION AS ITS INPUT APPROACHES A PARTICULAR VALUE. THEY ARE CRUCIAL FOR
GRASPING THE CONCEPTS OF CONTINUITY, DERIVATIVES, AND INTEGRALS. THE NOTATION FOR LIMITS IS TYPICALLY EXPRESSED
AS:

-\C\um_{x\toc}e(x)=L\)

THiIs MEANS THAT AS \( x \) approAcHEs \( ¢ \), THe FuncTioN \( F(x) \) aApProAcHES THE LiMiT \( L \).

Types oF LIMITS

THERE ARE SEVERAL TYPES OF LIMITS THAT STUDENTS COMMONLY ENCOUNTER:

1. FINITE LIMITS: THESE ARE LIMITS WHERE BOTH THE FUNCTION AND THE LIMIT VALUE ARE FINITE.

2. INFINITE LIMITS: THESE OCCUR WHEN THE FUNCTION APPROACHES INFINITY (OR NEGATIVE INFINITY) AS THE INPUT
APPROACHES A CERTAIN VALUE.

3. LIMITS AT INFINITY: THESE LIMITS OCCUR WHEN THE INPUT APPROACHES INFINITY, AND THE FOCUS IS ON THE BEHAVIOR OF
THE FUNCTION AS IT GOES TO INFINITELY LARGE OR SMALL VALUES.

CoMMON TECHNIQUES FOR SOLVING LIMITS

THERE ARE VARIOUS TECHNIQUES TO SOLVE LIMIT PROBLEMS. UNDERSTANDING THESE METHODS IS ESSENTIAL FOR TACKLING
COMPLEX LIMITS. HERE ARE SOME OF THE MOST COMMON TECHNIQUES:

1. DIRECT SUBSTITUTION

THIS IS THE SIMPLEST METHOD FOR FINDING LIMITS. IF THE FUNCTION IS CONTINUOUS AT THE POINT WHERE THE LIMIT IS TAKEN,
SIMPLY SUBSTITUTE THE VALUE INTO THE FUNCTION.

EXAMPLE:

\[\um_{x \To 2} (3x + 4) \]
DIRECT SUBSTITUTION GIVES:
\[3(2)+4=6+4=10\]

2. FACTORING

IF DIRECT SUBSTITUTION YIELDS AN INDETERMINATE FORM LIKE \( \FRAC{O}{0} \), FACTORING MAY HELP. FACTOR THE
NUMERATOR AND THE DENOMINATOR, THEN SIMPLIFY.

EXAMPLE:

\[\um_{x \1to 1} \rrAc{x"2 - 1H{x - 13 \]

FACTORING GIVES:

\[\uM_{x \1o 13 \rrAac{(x - 1)(x+ 1)}Hx-13\]
CANCELLING THE COMMON TERMS, WE GET:

\[\um_{x\to 13 (x+1)=21\]



3. RATIONALIZING

IN CASES INVOLVING SQUARE ROOTS, RATIONALIZING THE NUMERATOR OR DENOMINATOR CAN ELIMINATE THE INDETERMINATE
FORM.

ExXAMPLE:

\[\um_{x \1o 0} \rrac{\s@rT{x + 4} - 2}{x3 \]
RATIONALIZING THE NUMERATOR:

\[\uim_{x \To 0} \rrac{(\s@rT{x + 4} - 2)(\s@rT{x + 4} + 2)Hx(\sQrT{x + 4} + 2)} \]
THIS SIMPLIFIES TO:
\[\um_{x \1o 0} \rrac{xHx(\sqrT{x + 4} + 2)} = \Lm_{x \To 0} \rrac{ 1}{\sqrT{x + 4} + 2} = \rrac{13{4} \]

4.L'HF] piTAL’s RULE

\WHeN FACED WITH \( \rRAC{O3{03} \) or \( \rRAC{\INFTY{\INeTY} \), L'HF] PITAL'S RULE CAN BE APPLIED. |T STATES THAT:
\[\um_{x \1o c} \rrAac{FG)Ha(x)} = \uim_{x \1o c} \rrac{F'(x)Hc'(x)}\]
PROVIDED THE LIMITS EXIST.

EXAMPLE:

\[\uim_{x \1o 0} \rrac{\sin x}{x} \]

BOTH NUMERATOR AND DENOMINATOR APPROACH 0. THUS, APPLYING L'H[F] PITAL'S RULE:
\[\tiMm_{x \1o 0} \rrac{\cos x}{ 1} = \cos(0) = 1]

ExXAMPLES OF LIMITS PROBLEMS AND SOLUTIONS

NO\X/, LET’S LOOK AT SOME MORE ELABORATE EXAMPLES THAT DEMONSTRATE THESE TECHNIQUES IN ACTION.

ExampLE 1: A FiNITE LiMIT

PROBLEM:
\[\um_{x\1o 3} (2x"*2-5x+ 1) \]

SOLUTION:

USING DIRECT SUBSTITUTION:
\[2(3)"2-5(3)+1=18-15+1=41]
THUS, THE LIMIT IS 4.

ExAMPLE 2: AN INDETERMINATE FORM

PROBLEM:
\[\um_{x \1o 2} \rrAc{x"2 - 43}{x - 23 \]

SOLUTION:
DirecT sussTITUTION GIVES \( \FrRAC{03}{0} \). FACTOR THE NUMERATOR:
\[\FRac{(x - 2)(x + 2)}x - 2} \]

CANCELING GIVES:
\[\um_{x\To 2} (x+2)=4\]



ExAMPLE 3: LIMIT AT INFINITY

PROBLEM:
\[\eM_{x \To \INFTY]} \rRAC{3X"2 + 2x3{5x"2 - x + 1} \]

SOLUTION:

Divioe ALL TErMs BY \( x*2 \):

\[\m_{x \to \INeTY]} \rrAC{3 + \rRAC{2}H{x3}5 - \rrAC{ THx} + \FrrAc{ 1}{x"2}} \]
As \( x \) APPROACHES INFINITY, THE FRACTIONS APPROACH O:

\[\FRac{3 + 03{5 - 0 + 0} = \rrac{3}{5} \]

ExAMPLE 4: UsiNnG L'HF] PITAL'S RULE

PROBLEM:

\[\um_{x \To 0} \rrAc{e"x - 13}{x}\]

SOLUTION:
DirecT suesTITUTION YIELDS \( \FRAc{0}{03 \). AppLYING L'HF] PITAL’S RULE:
\[\tm_{x \To 0} \rRAC{E"x}{ 1} =€"0= 1]

CoNcLUSION

MASTERING CALCUL CALCULUS LIMITS PROBLEMS AND SOLUTIONS IS VITAL FOR ANY STUDENT OF MATHEMATICS. THE ABILITY
TO ANALYZE AND COMPUTE LIMITS LAYS THE GROUNDWORK FOR MORE ADVANCED TOPICS, SUCH AS DERIVATIVES AND
INTEGRALS. BY EMPLOYING TECHNIQUES SUCH AS DIRECT SUBSTITUTION, FACTORING, RATIONALIZATION, AND LIH PITAL'S
RULE/ YOU CAN SOLVE A WIDE ARRAY OF LIMIT PROBLEMS EFFICIENTLY. PRACTICE WITH A VARIETY OF LIMITS WILL ENHANCE
YOUR PROBLEM~SOLVING SKILLS AND DEEPEN YOUR UNDERSTANDING OF CALCULUS AS A \WHOLE.

FREQUENTLY ASkeD QUESTIONS

\WHAT IS THE DEFINITION OF A LIMIT IN CALCULUS?

A LIMIT IS A VALUE THAT A FUNCTION APPROACHES AS THE INPUT APPROACHES A CERTAIN POINT. FORMALLY, WE SAY THAT
THE LIMIT OF F(X) AS X APPROACHES A IS L IF FOR EVERY NUMBER E > O, THERE EXISTS A NUMBER A > O SUCH THAT WHENEVER
0<|x-Al<a, T FoLLows THAT [F(x) - L| <E.

How DO YOU EVALUATE LIMITS ANALYTICALLY?

To EVALUATE LIMITS ANALYTICALLY, YOU CAN USE ALGEBRAIC MANIPULATION, SUBSTITUTION, FACTORING,
RATIONALIZATION, OR APPLYING LIMIT LAWS. IF DIRECT SUBSTITUTION RESULTS IN AN INDETERMINATE FORM (LIKE 0/0),
FURTHER TECHNIQUES SUCH AS L'H[] PITAL’S RULE MAY BE USED.

WHAT Is L'HF] PITAL'S RULE AND WHEN IS IT APPLIED?

L'HP PITAL'S RULE STATES THAT IF THE LIMIT OF F(x)/G(X) AS X APPROACHES A RESULTS IN AN INDETERMINATE FORM LIKE
0/0 or ] /[] , THEN THE LIMIT CAN BE FOUND BY TAKING THE DERIVATIVE OF THE NUMERATOR AND THE DERIVATIVE OF THE
DENOMINATOR: LIM (X ] A) F(x)/a(x) =M (x ] A) F'(x)/c"(x).

CAN LIMITS BE ONE-SIDED? IF SO, WHAT ARE ONE-SIDED LIMITS?

YES, LIMITS CAN BE ONE-SIDED. A ONE-SIDED LIMIT IS THE VALUE THAT A FUNCTION APPROACHES AS THE INPUT APPROACHES A



CERTAIN POINT FROM ONE SIDE. THE LEFT-HAND LIMIT (DENOTED AS LIM (X A=) F(X)) APPROACHES FROM THE LEFT, WHILE THE
RIGHT-HAND LIMIT (DENOTED AS LIM (X A+) F(X)) APPROACHES FROM THE RIGHT.

WHAT IS THE SQUEEZE THEOREM IN LIMITS?

THE SQUEEZE THEOREM STATES THAT IF F(X) < G(x) < H(X) FOR ALL X IN SOME INTERVAL AROUND A (EXCEPT POSSIBLY AT
A), ANDLIM (X[l A)F(x) =M (X[ A)H(X) =L, THeNLIM (X [F] A) 6(x) =L AS WELL.

How DO YOU HANDLE LIMITS INVOLVING INFINITY?

LIMITS INVOLVING INFINITY CAN BE HANDLED BY ANALYZING THE GROWTH RATES OF THE FUNCTIONS INVOLVED. [F A FUNCTION
APPROACHES INFINITY, IT MAY INDICATE VERTICAL ASYMPTOTES OR UNBOUNDED BEHAVIOR. TECHNIQUES LIKE DIVIDING BY THE
HIGHEST POWER IN THE DENOMINATOR CAN HELP SIMPLIFY AND EVALUATE THE LIMIT.

W/HAT IS THE LIMIT OF SIN(X)/X AS X APPROACHES O?

THE LIMIT oF SIN(X)/x AS X APPROACHES O IS 1. THIS CAN BE SHOWN USING THE SQUEEZE THEOREM OR BY APPLYING
L'HR piTAL'S RULE.

How DO YOU FIND THE LIMIT OF A POLYNOMIAL FUNCTION AS X APPROACHES AP

TO FIND THE LIMIT OF A POLYNOMIAL FUNCTION AS X APPROACHES A, SIMPLY SUBSTITUTE A INTO THE POLYNOMIAL.
POLYNOMIAL FUNCTIONS ARE CONTINUOUS EVERYWHERE, SO THE LIMIT IS JUST THE VALUE OF THE FUNCTION AT THAT POINT.

\WHAT ARE COMMON INDETERMINATE FORMS ENCOUNTERED IN LIMITS?

CoMMON INDETERMINATE FORMS INCLUDE O/0, B /Bl , 0 x [l -Pl ,0%0,F "0, AnD 1] . EACH OF THESE FORMS REQUIRES
SPECIAL TECHNIQUES, SUCH AS L'HP] PITAL’'S RULE OR ALGEBRAIC MANIPULATION, TO EVALUATE THE LIMIT.

WHAT IS THE LIMIT ofF (1/%) AS X APPROACHES INFINITY?

THe LIMIT oF (1/x) AS X APPROACHES INFINITY IS O. AS X GETS LARGER AND LARGER, THE VALUE OF (1/X) GETS CLOSER TO
0.
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