Calculus 1500 Related Rates

Calculus 1500 Related Rates is a significant topic in the study of calculus, particularly
in the context of understanding how different variables change in relation to one another.
This area of calculus is applied in various fields, including physics, engineering,
economics, and biology, where the rates of change of quantities are crucial for modeling
real-world scenarios. In this article, we will delve into the fundamental concepts of related
rates, the steps involved in solving related rates problems, and some practical examples
that illustrate their applications.

Understanding Related Rates

Related rates problems typically involve two or more variables that are functions of time.
When one variable changes, it affects the others, leading to a relationship between their
rates of change. The core idea is to use implicit differentiation to relate the rates of
change of these variables.

Key Concepts

1. Variables and Functions: In related rates problems, we generally have a dependent
variable (which changes) and one or more independent variables.

2. Rate of Change: This is expressed as the derivative of a variable with respect to time,
usually denoted as \(\frac{dy}{dt}\), where \(y\) is the variable of interest.

3. Implicit Differentiation: This technique is used to differentiate equations that relate the
variables involved, allowing us to express the rates of change in terms of one another.



Steps to Solve Related Rates Problems

To effectively solve related rates problems, it is essential to follow a systematic approach.
Here are the steps:

1. Identify the Variables: Determine what quantities are changing and assign symbols to
them.

2. Write an Equation: Establish a relationship between the variables, often using a
geometric or physical relationship.

3. Differentiate: Use implicit differentiation with respect to time to find the derivatives of
the variables involved.

4. Substitute Known Values: Plug in any known values for the variables and their rates of
change.

5. Solve for the Unknown: Isolate the variable you need to find, which is typically a rate of
change.

Example Problem

Let’s consider a classic problem involving a ladder leaning against a wall.

Problem Statement: A 10-foot ladder is leaning against a vertical wall. The bottom of the
ladder is pulled away from the wall at a rate of 2 feet per second. How fast is the top of
the ladder descending when the bottom is 6 feet away from the wall?

Step 1: Identify the Variables
- Let \(x\) be the distance from the wall to the bottom of the ladder (in feet).
- Let \(y\) be the height of the top of the ladder on the wall (in feet).

Step 2: Write an Equation

Using the Pythagorean theorem, we can write the relationship:
\[

X™2 +y"2=10"2

\]

Step 3: Differentiate

Differentiating both sides with respect to \(t\):
\[

\frac{d}{dt}(x"2 + y~2) = \frac{d}{dt}(100)
\]

This gives:

\[

2x\frac{dx}{dt} + 2y\frac{dy}{dt} =0

\]

Simplifying:

\[

x\frac{dx}{dt} + y\frac{dy}{dt} =0

\]



Step 4: Substitute Known Values

We know:

-\( \frac{dx}{dt} = 2\, \text{ft/s} \) (the rate at which the bottom is moving away)
- When \(x = 6\), we can find \(y\) using the Pythagorean theorem:

\[

672 + y~2 =100 \implies y™~2 = 64 \impliesy = 8

\]

Now substituting these values into the differentiated equation:
\[

6(2) + 8\frac{dy}{dt} =0

\]

This simplifies to:

\[

12 + 8\frac{dy}{dt} =0

\]

\[

8\frac{dy}{dt} = -12 \implies \frac{dy}{dt} = -\frac{12}{8} = -\frac{3}{2} \, \text{ft/s}
\]

Conclusion: The top of the ladder is descending at a rate of \(\frac{3} {2} \, \text{ft/s}\)
when the bottom is 6 feet away from the wall.

Common Related Rates Problems

There are several classical scenarios where related rates are commonly applied. Here are
a few:

1. Volume and Surface Area: Problems involving the rates of change of volumes and
surface areas of geometric shapes (e.g., spheres, cylinders) as they grow or shrink.

2. Motion Problems: Analyzing how the speeds of moving objects affect their distances and
positions over time.

3. Shadow Problems: Calculating how the length of a shadow changes as an object moves
or as the light source shifts.

4. Mixing Problems: Investigating the rates of concentration change in chemical solutions
as substances are added or removed.

Example Problems and Solutions

Example 1: A conical tank is being filled with water at a rate of \(5\,
\text{ft} ~3/\text{min}\). If the radius of the base is \(3\) feet, how fast is the water level
rising when the water is \(4\) feet deep?

Solution Steps:

1. Identify Variables: Let \(h\) be the height of the water level, and \(r\) be the radius at
that height.

2. Volume Equation: The volume \(V\) of a cone is given by:



\[

V = \frac{1}{3} \pir~2 h

\]

3. Relationship Between \(r\) and \(h\): From similar triangles, we know that \(\frac{r} {h}
= \frac{3}{4}\) or \(r = \frac{3}{4}h\).

4. Differentiate: Substitute \(r\) into the volume equation and differentiate with respect to
\(tV).

5. Solve for \(\frac{dh} {dt}\): Use the known rate of change of volume to find the rate at

which the water level is rising.

Example 2: A spherical balloon is being inflated so that its radius increases at a rate of
\(0.1\, \text{cm/s}\). How fast is the volume of the balloon increasing when the radius is
\(5\, \text{cm}\)?

Solution Steps:

1. Identify Variables: Let \(r\) be the radius and \(V\) the volume.
2. Volume Equation: The volume \(V\) of a sphere is given by:

\[

V = \frac{4}{3} \pi r™3

\]

3. Differentiate: Differentiate the volume with respect to time:

\[

\frac{dV}{dt} = 4\pi r~2 \frac{dr}{dt}

\]

4. Substitute: Plug in \(r = 5\) and \(\frac{dr}{dt} = 0.1\) to find \(\frac{dV}{dt}\).

Conclusion

Related rates problems are a powerful application of calculus that allow us to model and
analyze how different quantities change over time. By following a systematic approach of
identifying variables, establishing relationships, differentiating, and solving for unknowns,
we can tackle a wide variety of real-world problems. Mastery of related rates opens the
door to understanding dynamic systems in physics, engineering, and beyond, making it an
essential topic in Calculus 1500 and beyond.

Frequently Asked Questions

What is a related rates problem in calculus?

A related rates problem involves finding the rate at which one quantity changes with
respect to another, using the relationship between the two quantities and their rates of
change.

How do you approach solving a related rates problem?

To solve a related rates problem, identify the quantities involved, write an equation
relating them, differentiate both sides with respect to time, and then solve for the



unknown rate.

What is the first step in solving related rates problems?

The first step is to read the problem carefully to identify the variables involved and the
relationships between them.

Can you give an example of a related rates problem?

Sure! An example is: 'A balloon is being inflated so that its radius increases at a rate of 2
cm/s. How fast is the volume of the balloon increasing when the radius is 5 cm?"

What is the formula for the volume of a sphere?

The formula for the volume of a sphere is V = (4/3)nr3, where V is the volume and r is the
radius.

In the balloon example, how do you find the rate of
change of volume?

Differentiate the volume formula with respect to time to get dV/dt = 4nr?(dr/dt) and then
substitute the known values for r and dr/dt.

What is the significance of the chain rule in related
rates?

The chain rule is crucial in related rates as it allows you to differentiate composite
functions, which is often necessary when dealing with rates of change of related
quantities.

What units should be used when solving related rates
problems?

It's important to consistently use the same units throughout the problem, typically using
standard units like meters for distance and seconds for time.

What common mistakes should be avoided in related
rates problems?

Common mistakes include neglecting to relate all the variables, incorrect differentiation,
and failing to substitute the correct values into the final equation.

How can visualization help in related rates problems?

Visualization can help by providing a clearer understanding of the relationships between
the variables, making it easier to set up the equations needed for differentiation.
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