Area Between Curves Calculus

“3  The area between two curves

b
= f f(x) — g(x) dx
a

Area between curves calculus is a fundamental concept in integral calculus that allows
us to determine the region enclosed between two or more curves. Understanding this area
is crucial for various applications in mathematics, physics, engineering, and economics. In
this article, we will explore the principles behind finding the area between curves, the
methods used to calculate it, and practical examples to illustrate these concepts.

Understanding the Concept of Area Between
Curves

The area between curves can be visualized as the space that lies between two functions on
a graph. When two curves cross each other, the area between them can change depending
on the interval selected for integration. The basic idea is to integrate the difference
between the top curve and the bottom curve over a specified interval.

Defining the Curves

To illustrate the concept of area between curves, let’s consider two functions, \( f(x) \) and
\( g(x) \), where \( f(x) \) is the upper curve, and \( g(x) \) is the lower curve over a specific
interval \([a, b]\). The area \( A\) between these two curves can be expressed
mathematically as:

\[
A =\int_{a}"~{b} (f(x) - g(x)) \, dx
\]

This formula represents the integral of the difference between the two functions over the
interval from \(a\) to\( b ).



Steps to Calculate the Area Between Curves

Calculating the area between curves involves several systematic steps. Here’s a structured
approach:

1. Identify the Curves: Determine the functions \( f(x) \) and \( g(x) \) that define the
curves.

2. Find the Intersection Points: Solve for the points where the curves intersect to
establish the limits of integration. Set \( f(x) = g(x) \) and solve for \( x\).

3. Establish the Area Formula: Use the integral formula \( A =\int_{a}"~{b} (f(x) -
g(x)) \, dx\).

4. Integrate: Calculate the definite integral to find the area.

5. Interpret the Result: Analyze the computed area in the context of the problem.

Example Problem

Let's work through a practical example to clarify the process of finding the area between
two curves.

Example: Find the area between the curves \( f(x) = x~2\) and \( g(x) = x + 2\).
1. Identify the Curves:

-\(f(x) = x72)

-\Mg(x)=x+2)\)

2. Find the Intersection Points:
- Set \( f(x) = g(x) \):

\[

X2 =X+ 2

\]

Rearranging gives:
\[

X~2-x-2=0

\]

Factoring:

\[

(x - 2)(x + 1) = 0 \Rightarrow x = 2 \quad \text{and} \quad x = -1
\]

3. Establish the Area Formula:
- The limits of integration are\(a =-1\)and \( b = 2).



- Thus, the area can be expressed as:

\[

A=\int_{-1}7{2} ((x + 2) - (x™2))\, dx
\]

4. Integrate:

- First, simplify the integrand:

\[

A=\int {-1}7{2} (x+2-x72)\,dx =\int_{-1}"{2} (-x™2 + x + 2), dx
\]

- Now, compute the integral:

\[

A = \left[-\frac{x"3}{3} + \frac{x"~2}{2} + 2x\right] {-1}"~{2}
\]

- Evaluating at the bounds:

\[

A = \left[-\frac{273} {3} + \frac{272} {2} + 2(2)\right] - \left[-\frac{(-1)"~3} {3} +
\frac{(-1)~2}{2} + 2(-1)\right]

\]

\[

= \left[-\frac{8} {3} + 2 + 4\right] - \left[\frac{1} {3} + \frac{1} {2} - 2\right]

\]

\[

= \left[-\frac{8} {3} + 6\right] - \left[-\frac{4} {6} + \frac{3}{6} - \frac{12}{6}\right]
\]

\[

= \left[-\frac{8} {3} + \frac{18} {3 }\right] - \left[-\frac{13} {6}\right]

\]

\[

= \frac{10} {3} + \frac{13}{6} = \frac{20}{6} + \frac{13}{6} = \frac{33}{6} = 5.5
\]

5. Interpret the Result:

- Thus, the area between the curves \( f(x) = x~2\) and \( g(x) =x + 2\) from \(x =-1\) to
\(x =21\)is\(5.5\) square units.

Applications of Area Between Curves

The concept of area between curves is not only an academic exercise; it has numerous
practical applications, including:

e Physics: Calculating work done by a variable force, where the area under a force vs.
displacement graph represents work.

e Economics: Analyzing consumer and producer surplus by finding the area between
demand and supply curves.

* Engineering: Assessing the material properties of structures by evaluating areas



under stress-strain curves.

e Biology: Determining population growth rates by analyzing graphs of population
models.

Conclusion

In conclusion, area between curves calculus is a powerful tool that enables us to
calculate the area enclosed by two or more curves effectively. By following the systematic
steps outlined in this article, anyone can tackle problems involving the area between curves
with confidence. Whether for academic purposes or real-world applications, mastering this
concept is essential for anyone studying calculus or related fields.

Frequently Asked Questions

What is the area between two curves in calculus?

The area between two curves is the region enclosed by the graphs of the functions
represented by the curves. It is calculated by integrating the difference between the two
functions over a specified interval.

How do you set up an integral to find the area between
curves?

To set up the integral, you first determine the points of intersection of the curves. Then,
you subtract the lower function from the upper function and integrate the result over the
interval defined by the intersection points.

What is the formula for calculating the area between
two curves?

The formula is A = [[a, b] (f(x) - g(x)) dx, where f(x) is the upper curve and g(x) is the lower
curve, and [a, b] are the limits of integration corresponding to the points of intersection.

Can the area between curves be calculated using
horizontal strips?

Yes, if the curves are expressed as functions of y, you can calculate the area using
horizontal strips. The formula would then be A = [[c, d] (g(y) - f(y)) dy, where g(y) is the
right curve and f(y) is the left curve.

What happens if the curves intersect more than twice?

If the curves intersect more than twice, you need to break the integral into segments where



the upper and lower curves are consistent, integrating over each segment separately and
summing the areas.

Is it necessary to sketch the curves before calculating
the area?

While not strictly necessary, sketching the curves can help visualize the area to be
calculated, identify points of intersection, and ensure that you are correctly determining
which function is upper and which is lower.

What tools can help in finding the area between curves?

Graphing calculators or software like Desmos, GeoGebra, or Wolfram Alpha can aid in
visualizing the curves and calculating the area between them more efficiently.

What is an example of functions used to find the area
between curves?

An example could be finding the area between the curvesy = x~2 andy = x + 2. You
would first find their points of intersection, then set up the integral of (x + 2 - x~2) over the
interval defined by those intersection points.

How do you handle curves that are not easily
integrable?

For curves that are difficult to integrate, numerical methods such as Riemann sums,
trapezoidal rule, or Simpson's rule can be used to approximate the area between the
curves.
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Master the area between curves in calculus with our comprehensive guide. Discover how to
calculate and visualize this concept effectively. Learn more!
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